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A two-dimensional model was developed that describes the deformation of an open, 
mechanically stable chromatographic bed during steady-state flow. It is based on the 
assumption ofpure elastic deformation and the validity of Darcy’s law. A control-volume 
method was used to solue the mathematical equations. The computed pressure profiles 
agree well with experimental data. Computer simulations indicate that radial void uaria- 
tions, which will cause significant flow variations, may occur under chromatographc 
flow conditions. A method of measuring Young’s modulus and the Poisson ratio in a 
water-saturated sample at very low stress levels ( < 15 kPa) using a cubic plane strain 
tester, is also presented. 

Introduction 
The successful design and operation of a chromatographic 

process requires a proper understanding of the kinetics and 
mass transport, as well as the hydrodynamics in the system 
under investigation. Although there are a great many rigid 
chromatographic supports on the market, soft gels, com- 
monly based on cross-linked agarose or dextran, are uniquely 
useful for the separation of large water-soluble molecules, 
such as proteins (e.g., Boschetti, 1994). 

It is important to b e  able to predict the pressure drop in a 
chromatographic column containing nonrigid particles, since 
the pressure loss during flow is taken up by the solid phase, 
causing compression of the chromatographic bed, which will 
limit the range of possible flow rates. Predicting the pressure 
drop and the degree of compression is a complex task, since 
the hydrodynamics is intimately coupled with the mechanics 
of the solid phase. 

The friction between the wall and the solid grains will cause 
a reduction in solid stress such that the stress at a certain 
depth in the column will always be less than that predicted in 
an infinitely wide column. The increase in column diameter 
will decrease the influence of the wall friction. According to 
Sofer and Nystrom (1989) the linear flow rate may decrease 
to nearly half of its original value when increasing the col- 
umn diameter from 0.026 m to 0.10 m. Tiller and Lu (1972) 
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showed that the side-wall friction may cause significant radial 
stress variations in compression-permeability cells having di- 
ameters typical for preparative chromatographic columns. 

The prediction of the hydrodynamic dispersion is impor- 
tant, since it may influence the resolution of the chromato- 
graphic zones. The hydrodynamic dispersion is influenced by 
the packing structure. According to Charlaix et al. (19871, the 
local hydrodynamic dispersion in sintered samples that have 
void fractions between 0.14 and 0.34 was up to 60 times higher 
than that in an unconsolidated sample. Radial stress varia- 
tions in a compressed chromatographic column may also 
cause velocity variations, which will increase the overall hy- 
drodynamic dispersion and thus reduce the efficiency of the 
chromatographic process. Velocity variations with a maxi- 
mum to minimum ratio as small as 1.10 were found to cause 
considerable changes in band profiles in liquid chromatogra- 
phy, according to simulations performed by Yun and Guio- 
chon (1994). To fully understand the sources of the increased 
overall hydrodynamic dispersion in a compressible chromato- 
graphic column, knowledge of the velocity field is essential. 
The models used so far to predict flow and pressure drop in 
nonrigid chromatographic systems have been one-dimen- 
sional, and cannot be used to investigate the effects of the 
compression on the velocity field and chromatographic band 
broadening. 

The purpose of this work was to develop a basis for a two- 
dimensional model that could predict the velocity field in a 
compressed chromatographic bed. Methods of characterizing 
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the solid phase were developed. The compaction of a chro- 
matographic medium during flow was experimentally investi- 
gated in an open chromatographic column. The flow and 
compaction were simulated using a two-dimensional mathe- 
matical model. Predicted and experimental data were com- 
pared. 

Liquid jlow through a compressible chromatographic bed 
Liquid flow through nonrigid particulate beds has been in- 

vestigated in different engineering disciplines such as soil sci- 
ence, geotechnology, and chemical engineering. In the field 
of chemical engineering, work has been performed aimed at 
modeling and understanding filtration processes (e.g., Shirato 
et al., 1968: Tiller and Lu, 1972); the wet pressing process of, 
for example, paper (e.g., Jonsson and Jonsson, 1992); and to 
predict the pressure drop in a chromatographic column 
(Jostrua et al.. 1967; Verhoff and Furjanic, 1983; Davies and 
Bellhouse, 1989; Mohammad el: al., 1992). 

In liquid chromatography the flow rate is generally low, 
and the pressure drop is proportional to the flow rate and 
inversely proportional to the viscosity, according to Darcy’s 
law (Bird et al., 1960): 

1 

r?L 
U,, = - - -kVP,  (1) 

where 

V P = V p - p g ,  

(i, is the superficial velocity; p the viscosity; p the fluid pres- 
sure; p the fluid density; and X: is the permeability, which is 
related to the structure of the interstitial space of the chro- 
matographic bed. The permeability is usually described as a 
function of particle diameter and interstitial volume fraction 
(void fraction) of the packed bed. In the general case, the 
permeability is a tensor, but under isotropic conditions, the 
permeability tensor reduces to a scalar. For a rigid chromato- 
graphic column the pressure drop will vary linearly along the 
column, and for a given degree of packing the pressure drop 
can easily be calculated for any column dimensions. Under 
compression the situation is different: the void fraction and 
the overall structure of the gel will depend on the flow rate. 
The solid stress and thus the structure of the gel will change 
in the axial direction, due to the fluid stress, as well as in the 
radial direction, due to the wall friction. The shear stress 
caused by the friction at the wall is described by (Jenike, 
1964): 

(3) uw = c, + a;Pf, 

where p f  is the wall friction coefficient, ur is the solid stress 
acting in the radial direction, and C ,  describes the adhesion 
at the wall. The wall friction always opposes the motion at 
compaction and expansion. The transmission of the stress to 
the interior of the column is governed by mechanical 
properties of the gel. Thus, in the general case, the variations 
in the local structure and the local permeability in both the 
radial and axial directions must be taken into account in or- 
der to calculate the pressure drop in a compressible chro- 
matographic column. 
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Figure 1. Forces acting on an axial segment of a com- 

pressible particulate column during flow, ac- 
cording to the Janssen model. 
A P  is the pressure loss in the fluid phase; A u g  is the gravi- 
tational force; u,, is the frictional force at the wall; and ux 
and a, are the stresses in the solid phase acting in the axial 
and radial directions, respectively. Force balance: A u z r R 2  

( I  - E)gAx;  A P  = f iU ,Ax /k ;  uw = pfu, = p,.f?rX. 
= A P T R ’  + A u g r R 2  - ~ ~ 2 . i r R A . x ;  A U  = ( p 3 -  p , )  

Previously, the flow through compressible filter cakes and 
chromatographic beds has been modeled using one-dimen- 
sional models. Jostrua et al. (19671, Davies and Bellhouse 
(1989) and Mohammad et al. (1992) used exponential func- 
tions to directly correlate the solid stress to the Permeability. 
These exponential correlations do not distinguish between the 
purely mechanical and hydrodynamic properties, that is, the 
change in void volume due to compression and the changes 
in flow pattern due to the structural changes in the chro- 
matographic column, which are properties required to calcu- 
late the velocity field ( U ) .  

Shirato et al. (19681, Verhoff and Furjanic (19831, and 
Davies and Bellhouse (1989) used the Janssen approach to 
model the side-wall friction in compression-permeability cells 
and chromatographic columns, respectively. The Janssen ap- 
proach (e.g., McCabe and Smith, 1983) was originally devel- 
oped in order to calculate the solid stress in hoppers in the 
static case. The Janssen theory is based on the integration of 
the forces acting on an axial segment of the column. The net 
force acting on an axial segment of the column is the sum of 
the viscous forces caused by the flow, the gravitational forces, 
and the frictional forces (C,=O) at the wall, according to 
Figure 1. The viscous forces during chromatographic flow 
were calculated from Darcy’s law (Eq. 1) (Verhoff and Fur- 
janic, 1983; Davies and Bellhouse, 1989). 

Rigorous two-dimensional models 
Two distinct groups of models can be used to model the 

behavior of a particulate mass: those with constitutive laws 
based on plasticity, and those without. Our main interest is in 
modeling the chromatographic bed after it has been mechan- 
ically conditioned, that is, when the plasticity is negligible. In 
this case, the deformation can be described by a model based 
on pure elastic analysis. The elastic behavior of a granular 
material is generally isotropic, and the Poisson ratio (v) is 
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practically constant at a given void ratio, while Young’s mod- 
ulus ( E )  and the shear modulus (G) are functions of the state 
of the compression (Lade and Nelson, 1987). 

A general three-dimensional model for small deformations 
in a consolidating isotropic porous medium, assuming pure 
elastic deformations, was first derived by Biot (1941). The 
theory of Biot is based on the validity of Darcy’s law (Eq. 1) 
and Hooke’s law. The model is directly applicable to linear 
systems, but may also be applied to model incremental varia- 
tions in nonlinear systems; the latter case has been discussed 
by e.g. Lewis and Schrefler (1987). 

The Model 
A model based upon the theory of Biot (1941) was previ- 

ously developed by Ostergren and Traglrdh (1997) and is 
summarized in this section. The effective stress principle 
(Terzaghi, 1923) is applied, which states that the deformation 
is caused by the intergranular forces and that the surround- 
ing fluid pressure will not contribute to the deformation. The 
change in volume of the particles is assumed to be negligible 
under chromatographic flow conditions. The solid phase is 
considered to be locally isotropic, and the deformation is as- 
sumed to be described by Hooke’s law. The elastic properties 
are described as functions of the void fraction. The gel is 
assumed to be saturated with water and the water-flow 
through the interstitial space is described by Darcy’s law (Eq. 
1). Steady-state and axial symmetry are assumed. Expressed 
in cylindrical polar coordinates (Verruijt, 19691, the equation 
for calculating the displacement in the axial direction (u,) 
(Ostergren and Traglrdh, 1997) becomes 

and the equation to be solved in order to calculate the dis- 
placement in the radial direction (u,) becomes 

where A is Lame’s coefficient: 

v E  
A =  

( 1  - 2 v ) ( l +  v )  ’ (6) 

and G is the shear modulus, which is related to Young’s 
modulus ( E )  and the Poisson ( v) ratio according to 

The fluid stress was calculated in accordance with the usual 
convention (e.g., Verruijt, 1969; Lewis and Schrefler, 1987) 

Table 1. Boundary Conditions for the Solid-Phase Equations 

by combining the continuity equation for one-phase flow un- 
der the assumption of steady state: 

with Darcy’s law (Eq. 11, assuming local isotropy, which leads 
to the following: 

v. -VP = O .  [: 1 (9) 

Equations 4, 5 and 9 form a system of coupled equations, 
which were solved numerically (Ostergren and Tragirdh, 
1997) using a control-volume method. The boundary condi- 
tions imposed on the solid phase are summarized in Table 1 
and those imposed on the fluid phase in Table 2. For the 
solid phase it was assumed that all stresses and strains were 
zero at the top, leading to zero displacement in the radial 
direction and zero strain (du,/ax) in the axial direction. At 
the outlet, the displacement in the axial direction was de- 
fined to be zero. The sample radius is constant, thus the dis- 
placement, u,, was set to zero both at the center and at the 
column wall. The assumption of axial symmetry and wall fric- 
tion gives the additional boundary conditions in Table 1. In 
the flow calculations (Table 2) the hydrodynamic pressure 
drop was used as an initial value. 

The local permeability coefficient was calculated from the 
Kozeny-Carman model: 

(10) 

Table 2. Boundary Conditions for the Fluid-Phase Equations 

Inlet x = H  

Outlet x = o  

Center r = O  

P ( r ,  H )  = ~Pc,l,,, 

P ( r ,  0) = 0 

dP(0, x ) / d r  = 0 

dP(R,  x ) / d r  = 0 
Wall r = R  
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which relates the void fraction and the particle diameter to 
the permeability (Bear, 1972). The model was found to de- 
scribe the permeability well for chromatographic flow condi- 
tions using spherical glass beads (Ostergren and Tragirdh, 
1990). 

The stress originating from gravitational forces (Ag, ac- 
cording to Figure 1) was small compared with the other terms 
and could be neglected in the simulations. 

Materials and Methods 
Sephadex Ci-75 (Pharmacia Biotech, Sweden) was used as 

the experimental medium. The water content of the particles 
does not depend on the ionic strength of the liquid phase 
(Pharmacia, 1990) and is not sensitive to mechanical load. 
Flodin (1963) used centrifugation of the gel (1,000-2,000 rpm, 
r = 0.15 m) to remove the intergranular pore water before 
calculating the water absorbed by the gel particles. A rough 
approximation of the pressure exerted on the bottom of the 
centrifugal tube, assuming the height of the packed gel-par- 
ticles to be 1 cm and a centrifugation speed of 1,000 rpm, 
gives a stress about one magnitude higher than the highest 
stress exerted on the gel in the present study. At compres- 
sion, the particles will not deform permanently (e.g., Ueyama 
and Furusaki, 1985). 

The density of the gel particles was approximately 1,040 
kg/m’ (Flodin, 1963). The mean particle diameter was deter- 
mined by photomicrography. The number mean wet particle 
diameter was 144 p m  and the area mean diameter was 178 
pm. The volume of the solid phase/kg dry gel was 9.95 L. 
This value was obtained by subtracting the void volume from 
the total bed volume, using a column packed with a known 
amount of gel (dry weight). The void volume was determined 
by measuring the ratio of superficial to interstitial velocity 
using a marker that was totally excluded from the gel (dex- 
tran sulphate, MW = 500,000). All experiments were per- 
formed using deaerated and deionized water containing 3 x 
l op4  M NaCl. 

Mechanical characterization 
The gel was mechanically characterized using a cubic plane 

strain tester, originally developed by Arthur et al. (1985) and 
later refined by Ogunbekun (1988). This instrument is used 
in order to investigate the strength/deformation characteris- 
tics of powders at extremely low stress levels ( < 15 kPa) and 
large displacements. The cubic plane strain tester used to test 
the gel had been further improved by Maltby (1993) (see Fig- 
ure 2a). 

The shape of the sample in the cubic plane strain tester is 
rectangular. Deformation is allowed to occur in two direc- 
tions, while the third dimension is kept constant. The inner 
walls of the cubic-plane strain tester are covered with mem- 
branes. The membranes are constructed so that they will not 
move relative to the sample, to ensure that there are no in- 
terfering frictional forces. The stress can be varied freely in 
two directions (Figure 2b), while the stress in the third direc- 
tion is a function of the stress applied. A cylindrical filter was 
introduced into the original cell in order to perform measure- 
ments on a water-saturated sample. The filter was connected 
to a container filled with water. The pore pressure, which 
was kept constant and close to atmospheric pressure 

AIChE Journal January1998 

t 

0.5&; I 

- G x  

Figure 2. Cubic plane strain tester. 
(a) 1. Sample; 2. flexible membranes; 3. expandable frame; 
4. load stress (air pressure); 5. small spring, acting as an 
on/off switch; 6 .  filter; (b) stresses (uz, VJ and correspond- 
ing strains (€;, €;) acting in the biaxial direction. 

throughout the experiments, was regulated by elevating and 
lowering the water container. An initial gel concentration of 
approximately 66 g dry gel/L was used. The gel was carefully 
transferred to the cubic plane strain tester in order to avoid 
entrapped air. Equal stresses (ux, u$ were then applied to 
the sample. The deformations in the x-  and y-directions and 
the stress in the z-direction were recorded. The deformation 
as a function of time in a typical experiment is shown in Fig- 
ure 3a, and the stress recordings are shown in Figure 3b. The 
peak in the u2-recordings at the beginning of each stress level 
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Figure 3. Experimental recordings using the cubic plane 

strain tester: (a) displacement recordings; (b) 
stress recordings. 

is due to the increase in pore pressure as the sample is de- 
formed. At steady state, when all excess water has left the 
sample, the pressure on the membranes corresponds to the 
solid stress. 

The tangential Young modulus ( E )  and the corresponding 
Poisson ratio ( v )  were calculated from the experiments by 
applying Hooke's law for successive incremental stress inter- 
vals according to 

Al, 1 _-  - --[ha, - v(A.a;; + ha,)] 
1, E 

A1, 1 
-= - [Aay - v ( A a ,  + Au,)~  

' Y  

(12) 

where Al,, Al , ,  Al ,  are the incremental deformations for a 
given stress interval. The experimental conditions in the cu- 
bic plane strain tester imply 

leading to 

and 

V -  

(17) 

The void fraction was calculated from the amount of dry 
gel and water content at the end of the experiments. Samples 
were taken from different positions in the measuring cell. 
Care was taken to obtain the same particle concentration in 
the sample as in the cell. The samples were dried to a con- 
stant weight at 105°C. The volume fraction of each phase was 
then calculated. 

Wall shear stress 
The wall shear stress was measured using a Jenike shear 

cell (Jenike, 1964) totally submerged in water. The lid of the 
shear cell was modified so it was kept in contact with the gel 
as the gel was successively compacted. The normal stress was 
varied between 1 and 6 kPa. The sample was sheared at a 
speed of 0.0448 X lo-' m/s. The samples were left to rest for 
a few minutes between each measurement. The wall friction 
coefficient was calculated from 

T 
Pf =" (19) 

where N is the normal force and T the shear force. 

Column experiments 
The column experiments were performed in a commercial 

chromatographic column (oxirane-glass) with a diameter of 
0.113 m (BP113, Pharmacia Biotech, Sweden). The amount 
of solid phase was the same in all experiments, corresponding 
to a height of 0.13 m at zero void fraction. The experimental 
setup is shown in Figure 4. In order to measure the pressure 
profile along the column, six holes (d  = 1 mm> were drilled. 
A net of fine-mesh polyester was placed across the hole to 
prevent the gel from leaking out. The holes were connected 
to a pressure board by tubing and then to a pressure trans- 
ducer, as shown in Figure 4. The adapter was mounted just 
above the gel surface so there would be no additional forces 
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Figure 4. The experimental setup used in the column 
experiments. 

on the gel. A Mariotte bottle was used to ensure a pulse-free 
flow. The pressure head was determined by the elevation of 
the Mariotte bottle. The experiments were performed at room 
temperature. The temperature was measured using a thermo- 
couple at the outlet of the column. The data were corrected 
for temperature variations between the experiments. The ref- 
erence temperature used was 20.0"C. The mass flow rate was 
continuously monitored using a balance connected to a com- 
puter. The column was filled with a thick slurry made up of 
three volumes Sephadex gel and one volume supernatant. The 
gel was then allowed to sediment overnight. The pressure was 
increased stepwise and the flow rate was recorded; all mea- 
surements were taken at steady state. For each pressure head, 
the column height, the hydrodynamic pressure drop, the flow 
rate, and the outlet temperature were measured. Corrections 
were made for the extra column pressure drop caused by the 
endpieces of the column. 

Results and Discussion 
Mechanical properties 

No differences were observed between successive compres- 
sion-recovery cycles using the cubic plane strain tester, from 
which it can be concluded that ii stable packing structure was 
established before the first measurement was made. A small 
hysteresis in the compression-recovery cycles having a maxi- 
mum value of ~~a,~,,,,.-~a,~,,,,,l/~~~~~~~~.= 0.2 was found. 
Hysteresis is to be expected because some pressure gradient 
is required to make liquid flow in and out of the voids ac- 
cording to the volume changes. During compression this gives 
an additional stress, whereas during expansion it results in a 
reduction. The hysteresis will decrease with decreasing rate 
of change in stress, but in these experiments, which were car- 
ried out extremely slowly (see Figure 3), it seems to approach 
an asymptotic residue, which may be caused by particle inter- 
locking. 
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Figure 5. Horizontal (a,)  and vertical stress (az) as a 
function of the void fraction using the cubic 
plane strain tester. 

The results, which are based upon three experimental se- 
ries, are shown in Figure 5. The compression data were fitted 
to a second-order equation and the Poisson ratio and the 
tangential Young's modulus were calculated according to Eqs. 
17 and 18, respectively. The results are presented in Table 3. 
The precision of the experimental results (Figure 5 )  was not 
sufficient to correlate the Poisson ratio to the void fraction, 
so that the Poisson ratio was approximated to be a constant 
value. The approximation was validated by recalculating a, 
and az from the fitted values of a, and a,, respectively, 
using Eq. 17 (Figure 5). 

Young's modulus was correlated to the void fraction, which 
can be done for packed beds having the same packing struc- 
ture. It is assumed that the successive compaction and relax- 
ation of the packing during the column experiments will cause 
the particles to adapt to a close random packing, which for a 
packed bed of rigid particles is characterized by a void frac- 
tion between 0.32 and 0.375, depending on the size distribu- 
tion (Greenkorn, 1983). This agrees well with our experimen- 
tally determined void fraction for the completely relaxed bed, 
which was 0.358. In the cubic plane strain tester we believe 
that the extremely slow compaction allows the particles to 
slide into a similar packing pattern. 

The apparently negative void fraction at high loads shows 
that the bed volume has changed more than the interstitial 
pore-space allows for, which is an indication of a small change 
in the particle volume as the bed is compressed. 

Wall shear stress 
The results of the wall shear stress measurements are 

shown in Figure 6. The data are correlated by a straight line 

Table 3. Young's Modulus ( E ) ,  the Poisson Ratio ( v ), and 
the Wall Friction Coefficient ( pf) of the Gel 

Y E (Pa) W f  

E=5.63x104*c2  -8.39x1O4-c+2.77X1O4 0.27 0.16 

E = void fraction. 
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Figure 6. Wall shear-stress measurements using the 
modified Jenike shear cell. 

passing close to zero, which indicates that the adhesion of 
the gel to the wall was negligible, and that the variation in 
the wall friction coefficient with load was negligible. The wall 
friction coefficient was found to be 0.16 (Table 3). 

Column experiments 
The stability of the gel was investigated by performing cyclic 

experiments. The time required to attain steady-state and the 
reproducibility of the experiments were determined. The 
pressure drop along the chromatographic column was mea- 
sured as well. 

Data from a typical experiment are shown in Figures 7 and 
8. The time required to reach steady-state was 10-15 min. In 
most cases, the packed bed was mechanically stable after 4-5 
cycles. The achievement of a mechanically conditioned pack- 
ing confirms that the initial plastic deformation is due to irre- 
versible rearrangement of the particles. The hysteresis in the 
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Figure 7. Typical experimental recordings from a com- 
pression-recovery cycle. 
The pressure range was 0.6X 103-3.2x lo3  Pa. 
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Hydrodynamic pressure drop, P (Pa)  

Figure 8. Flow measurements for an initial, an interme- 
diate, and a stable compression-recovery cy- 
cle. 

column is partly due to the different Young’s modulus and 
Poisson ratios of the gel at compression and relaxation, which 
was seen in the biaxial experiments. Computer simulations 
(not shown), using the mechanical properties extracted from 
the relaxation data using the cubic plane strain tester gave a 
hysteresis of the same size as in Figure 8. However, the shape 
of the curve describing the relaxation was more convex than 
that obtained experimentally. This indicates that the differ- 
ent stress situation in the column due to the shear stresses 
induced by the wall friction may be of importance when de- 
termining the Young’s modulus and the Poisson ratio at re- 
laxation. The stability of the mechanically conditioned pack- 
ing was investigated by increasing the pressure head, typically 
to one and a half times the previously applied maximum 
pressure head. The flow-pressure curve thus obtained coin- 
cided with the previous curve, which confirms that the chro- 
matographic column deforms purely elastically over a broad 
pressure range. 

Experiments were performed in triplicate using the same 
gel concentration. Highly reproducible (stable) packing be- 
havior was observed, although the initial structures were dif- 
ferent (Figure 9). 

Computer simulations 
Computer simulations were performed for the open-col- 

umn situation in order to confirm the model (Table 3 )  de- 
scribing the compaction of the gel and to qualitatively investi- 
gate the structural changes of the gel at different degrees of 
compaction. The initial void fraction was 0.358, according to 
the experimental measurements. The column dimensions and 
the parameters of Eqs. 9 and 10 describing the flow are sum- 
marized in Table 4. The void fraction was calculated from 
the change in volume strain (Biot, 19411, assuming a constant 
particle volume. 

Computed and experimentally determined pressure pro- 
files, column heights, and flow rates are shown in Figure 10. 
The calculated pressure profiles and the calculated column 
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Figure 9. Reproducibility of the compression stage of 
two successive experimental series. 

heights are in good agreement with the experimentally deter- 
mined values (Figures 10a and lob). Approximately half the 
pressure drop is found in the last 20% of the column, at the 
highest pressure head, which shows that the permeability de- 
creases rapidly at the bottom of the column. This is in accor- 
dance with experimental and theoretical results in the litera- 
ture (e.g., Jostrua et al., 1967; Verhoff and Furjanic, 1983). 
The predicted flow rates were approximately 30% higher than 
those measured (Figure 1Oc). The difference in predicted and 
measured flow rates is most likely dependent on the perme- 
ability model. The Kozeny-Carman model (Eq. 10) is based 
upon the assumption that the solid phase surface area is con- 
stant, which means the particles remain spherical. Previously 
it has been shown that a compressed sample of Sephadex gel 
has a reduced solid-phase surface area (Ueyama and 
Furasaki, 1985). It has also been shown that a consolidated 
granular medium has an increased tortuosity (Barci et al., 
1987). Using the original Kozeny-Carman model (Eq. 10) thus 
leads to an underestimation of the permeability of a medium 
with a decreased solid-phase surface area and an overestima- 
tion of the permeability of a medium with an increased tortu- 
osity (Bear, 1972). The presented results, if interpreted ac- 
cording to the Kozeny-Carman model, led to the conclusion 
that the change in tortuosity dominates over the change in 
surface area. Excellent agreement between measured and 
simulated flow rates was obtained by using a constant of valve 
240 in Eq. 10 (Figure 1Oc). 

The model using a constant of 240 in Eq. 10 was also tested 
by varying Young's modulus (by varying the a,-correlation in 
Figure 5,  within the 95% confidence limits), the Poisson's ra- 

Table 4. Additional Parameters Used in the Computer 
Simulations 

Init. 
Col. Col. Init. Particle Fluid 

Radius Height Void Dia. Visc. Density 
(m) (m) Fraction (m) (Pass) (kg/m3) 

0.0565 0.199 0.358 178X 0.001 1000 

! I I '1 4000 
Experimental  values 

h 

a 5 3000 

R- 

d 
0 
L 2000 a 
a, 

2 : 1000 
R 

n 

o q = o 87 m3/s 

- v q = 0 70 10 m3/s 
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-6 
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/ 
/ 
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Figure 10. Computed and experimentally determined (a) 

pressure profiles; (b) column heights; (c) and 
flow rates. 
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Figure 11. Computed relative solid stress at different 
degrees of compaction. 
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tio (0.25 and 0.31, and finally by varying the wall friction coef- 
ficients (0.14 and 0.18). The values reflect the estimated ac- 
curacy of the experimentally determined coefficients. Both 
the variation in Young's modulus and the Poisson ratio caused 
a systematic pressure-dependent error in the predicted flow 
rates. The error was less than 10%. The variation in the wall 
friction coefficient caused very small changes in the predicted 
flow rates and pressure profiles. 

The model presented here offers the opportunity of quali- 

different degrees of compaction. Figure 11 shows the com- 
puted solid stress in the axial direction relative to the solid 
stress at zero wall friction. Ideally, at zero wall friction, the 
whole pressure drop is taken up by the solid phase. The re- 
duction of the solid stress at the bottom of the column is in 
the 10-15% range and will be larger for narrow columns and 
smaller for wider columns. The largest reduction of solid 
stress was found at the lowest degree of compaction and vice 

1 

1 
I 

I , 

J~ 1 06 

1% tatively investigating the structural changes in the column at i 

(b) 
Figure 13. Computed (a) void variations relative to the 

central void fraction, and (b) corresponding 
variations in linear velocity. 
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Figure 12. Computed void variation at the center of the 

column at three different degrees of com- 
paction. 

versa. This is due to the successively increased degree of 
compaction at the bottom of the column as the pressure head 
is increased. At a high pressure head/high flow rate most 
pressure is lost in a small region close to the outlet of the 
column, and the surface of the wall available to take up a 
given fraction of the stress is smaller than the surface avail- 
able to take up the same fraction of stress in a more homoge- 
neously packed column. 

Simulated variations of the void fraction in the axial direc- 
tion are shown in Figure 12. At the lowest degree of com- 
paction, the packed bed is almost homogeneous, while a t  the 
highest degree of compaction the void ratio is predicted to  
vary between 0.36 at the inlet and 0.2 at the outlet. The ra- 
dial void variations and the corresponding axial velocity vari- 
ations are shown in Figures 13a and 13b, respectively. The 
simulations show that a radial void profile is developed in 
approximately the last 20% of the column as the pressure 
head/flow rate is increased. The variations in void fraction 
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and linear velocity were 6% and 12%, respectively, at the 
highest flow rate, according to Figure 13. At lower flow rates 
the variations were smaller. 

Summary and Conclusions 
Experiments performed in a chromatographic column show 

that the dextran-based Sephadex gel deforms purely elasti- 
cally, and that it is possible to reproduce a stable packing 
pattern, qualities that are essential in order to successfully 
model the system. 

A method was developed to characterize a water-saturated 
gel under well-controlled conditions using a cubic plane strain 
tester, originally developed for characterizing dry powders. A 
small hysteresis was found in the compression-recovery cy- 
cles. The state of compression was carefully analyzed. Young’s 
modulus was determined as well as Poisson’s ratio. The 
Young’s modulus was found to be strongly dependent on the 
void fraction. The Poisson ratio could be approximated by a 
constant value. 

The wall friction coefficient was determined using a Jenike 
shear cell, which was modified so that water-saturated sam- 
ples could be analyzed. The shear test showed that the wall 
friction did not vary with the degree of compaction and that 
the adhesion to the wall was negligible. 

A two-dimensional mathematical model based on the me- 
chanical characteristics of the gel was presented. The model 
is based on a purely elastic analysis of a locally isotropic 
granular medium (Biot, 1941) and on the validity of Darcy’s 
law. The coupled equations were solved numerically using a 
control-volume method. 

The simulated pressure profiles agreed well with the exper- 
imental data. The predicted flow rates were approximately 
30% higher than the experimental values. Using a constant of 
value 240 in the Kozeny-Carman equation (Eq. lo), the ex- 
perimental and calculated values agreed very well. 

Simulations of axial and radial void variations as well as 
variations in the linear velocity ( U )  across the column show 
that the use of a two-dimensional model may be a helpful 
tool in gaining further insight into the chromatographic pro- 
cess using nonrigid chromatographic media. 
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Notation 
C,, = coefficient in Eq. 10 
d, = particle diameter 
H = column height 
h = distance from the column inlet 
K =  coefficient relating radial and axial stresses 
P =  pressure (Eq. 2) 
R = column radius 
r =  radial distance 
t = time 

E’ = strain in the solid phase 

Subscripts 
b = biaxial stress 
s = solid phase 
I = liquid phase 

r ,  x = coordinate directions in a circular cylindrical coordinate sys- 
tem 
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